We show, for every r > d ≥ 0 or r = d ≥ 2, the existence of a Baire generic set of
The aim of dynamical systems is to study the orbits of a given system, especially their asymptotic and statical behaviors. For this end, by the Birkhoff ergodic Theorem, given a dynamics f of a compact manifold M , it suffices to study the invariant probability measures µ (f * µ = µ) which are ergodic (that is µ(A) = 0 or 1 for every f -invariant set A). Indeed, we know that for µ-almost every point x ∈ M , for every open subset U , the following property holds: (B) lim
In other words, all the points in a set of full µ-measure have their orbits which share the same statistical behavior. The basin B µ of µ is the set of points in M which satisfy (B) for every open subset U . The measure µ is physical when the basin B µ is of positive Lebesgue measure. Natural questions that arise are the following: for a typical dynamical systems, does Lebesgue almost every point belong to the basin of a physical measure? Is the number of ergodic, physical measures finite?
A positive answer to both questions would justify the mere use of statistical data to describe any typical bounded, finite-dimensional dynamics. It would imply that the typical orbits of such systems have always a statistical behavior, and that the number of different such statistical behaviors is finite.
It is actually the gamble that many scientists do while evaluating their data. It is also the main global conjecture of Palis (see below).
Nevertheless, there are examples of dynamics without physical measure, which can be quadratic maps of the interval [Joh87, HK90] , and surface flow (R. Bowen counter example).
But these counter examples may be not typical. Also, by the work of Newhouse [New74] , for every manifold M of dimension ≥ 2 and every r ≥ 2, there exist an open set U ∈ Dif f r (M ), and a Baire residual subset R ⊂ U such that every f ∈ R has infinitely many sinks, and so an infinite number of ergodic, physical measures. We recall that a subset R ⊂ U is Baire residual if it is a countable intersection of open and dense subsets of U . The example of Newhouse is then typical in a topological sense.
Yet, there exist examples of residual sets of the real line with zero Lebesgue measure (such as the set of Liouville numbers). Hence in the measure theoretical point of view the example of Newhouse may be not typical. However, there is no canonical measure on Dif f r (M ). That is why Palis [Pal00, Pal05, Pal08] proposed the following conjecture:
Main global Conjecture (Palis 90's) (i) There is a dense set D of dynamics such that any element of D has finitely many attractors whose union of basins of attraction has total probability.
(ii) The attractors of the elements in D support a physical (SRB) measure.
(iii) For any element in D and any of its attractors, for almost all small perturbations in generic k-parameter families of dynamics, k ∈ N, there are finitely many attractors whose union of basins is nearly (Lebesgue) equal to the basins of the initial attractors; each such perturbed attractor supports a physical measure.
(iv) Stochastic stability of attractors: the attractors of elements in D are stochastically stable in their basins of attraction.
(v) For generic finite-dimensional families of dynamics, with total probability in parameter space, the corresponding systems display attractors satisfying the properties above.
The main conjecture has been fully proved for one-dimensional maps displaying only one critical point: by Lyubich [Lyu02] for quadratic families, Avila, de Melo and Lyubich [ALdM03] in the analytic case under the hypothesis of negative Schwarz derivative and, Avila and Moreira announced that the result holds in the complement of a set of positive (Hausdorff) codimension [AM02] . Let us mention also the result of Kozlovski, Shen and van Strien showing the density of hyperbolicity for multimodal maps [KSvS07] .
Palis conjecture is well known to be true for dynamics which are uniformly hyperbolic. In [Tsu05] , Tsuji showed that a generic partially hyperbolic C r -maps of the 2-torus (with a strong unstable direction of dimension 1) admits finitely many ergodic physical measures whose union of basins of attraction has total Lebesgue measure, provided that r ≥ 19.
To proof his conjecture for surface dynamics, Palis conjectured that the only obstruction to uniform hyperbolicity in dimension 2 are the homoclinic tangencies. This conjecture has been proved for C 1 -diffeomorphisms [PS00] , and in a weak sens for holomorphic maps of C 2 [DL, BD] .
The finiteness of attractors for a parameter set of positive Lebesgue measure in the unfolding of a homoclinic tangency has been shown in many cases [PY09, BC91, BY93, BV01, Bera, Berc] .
In this work, we show the following Theorems: , and a Baire residual set R inÛ satisfying that:
• for every f ∈ U , the constant family (f ) a∈(−1,1) k is in the closure ofÛ ,
• for every (f a ) a ∈ R, for every a ∈ [−α, α] k , the map f a has infinitely many sinks. , and a Baire residual set R inÛ satisfying that:
• for every (f a ) a ∈ R, for every a ∈ [−α, α] k , the map f a has infinitely many sinks.
We remark that Theorems A and B give a counter example to the third and fifth points to the Main Global Conjecture in many classes of differentiability. Nonetheless, the analytic case remains open, and the important case of C ∞ -families of C ∞ -dynamics as well.
The proof of Newhouse phenomena was done by constructing a hyperbolic set K which has robust homoclinic tangencies. This means that for every perturbation of the dynamics, there are two points P, Q in the hyperbolic continuation of K such that the stable manifold of P is tangent to the unstable manifold of Q. The construction of Newhouse worked for surface diffeomorphisms and in the C r -topology, r ≥ 2. Another construction of Newhouse was done for C r -diffeomorphisms of n-manifold, for n ≥ 3 and r ≥ 1 [New80] (see also [Asa08] ). Latter, Bonatti-Diaz constructed an example of hyperbolic set B of R 3 with C 1 -robust homoclinic tangencies, by constructing a hyperbolic set with special properties : the blender. This implied the existence of a Baire residual set in an open set of Dif f 1 (M 3 ) for which all diffeomorphisms have infinitely many sinks [BD99] .
We will prove Theorems A and B by introducing two notions. The first is the C d -paratagency, which is a (quadratic) tangency between two curves of R 2 which is unfolded degenerately up to the order d. The second notion is the parablender which produces robust homoclinic C d -paratangencies. We will then use some perturbations techniques to prove the following result on local diffeomorphisms of the annulus A = S 1 × [−1, 1]. • for every f ∈ U , the constant family (f ) a∈(−1,1) k is in the closure ofÛ ,
As every compact surface M contains an annulus A, we notice that it is possible to extend any local diffeomorphism f of the annulus to the whole surface M . Hence Theorem C implies Theorem A. Nevertheless the extension cannot be a local diffeomorphism if M is not the torus.
To get Theorem B, the maps of U will be lifted as maps of a solenoid of the n-balls, n ≥ 3. This techniques is very quick but does not allow us to carry the case r = ∞ for diffeomorphisms (contrarily to Theorems A and C). However a canonical generalization of the results proved in this paper to higher dimension would carry this case.
I am very grateful to Enrique Pujals and Sylvain Crovisier for important conversations and their comments on the first version of this work. I am thankful to Jean-Christophe Yoccoz and Jacob Palis for their encouragements. This research was partially supported by the Balzan project of J. Palis and the French-Brazilian network.
Plan of the proof
We describe now the content of the rest of this paper. There are basically three steps.
Paratangency and Parablender
In section 1, we start by defining the topologies involved and their notations. Then we recall the definition of hyperbolic sets for local diffeomorphisms, and how we define the stable and unstable manifolds of their points. Then we state Proposition 1.6 claiming that for a C d -family of C r -local diffeomorphisms, the family of local stable and unstable C r -manifolds of a given point is also of class C d . The proof of this result is given in appendix A.
Then we introduce a key concept in the work: the notion of homoclinic C d -paratangency for a hyperbolic point Ω. For families of C r -diffeomorhisms (f a ) a , it is a homoclinic tangency at a certain parameter a 0 , which unfolds degenerately up to the order d, although the tangency is quadratic if r ≥ 2. For instance, if (g a ) a∈R has a homoclinic tangency at a = a 0 , then with f a := g a 0 +(a−a 0 ) d+1 , the family (f a ) a has a homoclinic C d -paratangency at a = a 0 . This concept will need r ≥ d ≥ 2 or r > d ≥ 0 to be well defined. We will always make this assumption afterward.
In section 2, we introduce the main concept of this work : the parablenders. The blenders are hyperbolic compact set well known to produce robust homoclinic tangencies. We recall their definition in the context of local diffeomorphisms of surface. They have robustly the following fundamental property: for every curve Γ in a C r -open set, there is a local unstable manifold of the blender which is tangent to Γ.
Contrarily to blenders, the parablenders are only defined for families of local diffeomorphisms. They enable to produce not only robust homoclinic tangencies, but also robust homoclinic C dparatangencies. Given a family of surface local diffeomorphisms (f a ) a , a parablender is a family of blenders (K a ) a which satisfies the following fundamental property (see Prop. 2.4 and 2.7): for every C d -family of C r -curves (Γ a ) a in an open set, for every a 0 , there exists a local unstable manifold Γ u a of K a , so that (Γ u a ) a and (Γ a ) a are paratangent at a = a 0 : for a close to a 0 , the curves Γ a and Γ u a are tangent up to a deformation smaller than o(|a − a 0 | d ). This fundamental property is shown to be robust for every perturbation of the family (f a ) a in the given example of parablender.
Sink creation from homoclinic paratangency In section 3, we first recall that one can perturb a dissipative homoclinic tangency to create a new sink. This result is generalized for parameter family exhibiting a dissipative homoclinic C d -paratangency: a C d -perturbation of the family of C r -dynamics produces a large parameter set for which there is a new sink. More precisely, Lemma 3.4 states that given a C d -family of C r -local diffeomorphisms (g a ) a having a homoclinic paratangency of a hyperbolic point Ω a , for every α > 0 small enough (depending on technical bounds), there exist an arbitrarily small perturbation (g a ) a of (g a ) a , so that for every a − a 0 < α, the point Ω a has a homoclinic tangency. Note that the conclusion of this Lemma is wrong for a non-degenerate homoclinic unfolding: none perturbations would give a (locally) stationary homoclinic tangency. Then, if Ω a is strongly dissipative, we show for Proposition 3.3 that a small perturbation of (g a ) a creates a new periodic sink for every a − a 0 < α. The main difficulty is postpone to Claim 3.7: it shows that the perturbation of (g a ) a is small for the C dtopology of local diffeomorphisms families.
In order to apply these results to prove Theorem C with the parablender, we generalize Proposition 3.3 to the case C d -paratangency between two points of a same basic set. To formalize this we define the notion of quasi-homoclinic C d -paratangency. Such a quasi-homoclinic C d -paratangencies are easily perturb to homoclinic C d -paratangencies. Hence Proposition 3.10 states that given a C dfamily of local diffeomorphisms (g a ) a exhibiting a quasi-homoclinic C d -paratangency of a (strongly) dissipative hyperbolic fixed point at a 0 , for every α > 0 sufficiently small (depending on technical bounds), there exists an arbitrarily small perturbation of (g a ) a with a new periodic sink for every a − a 0 < α.
Lattice of parameter sets with sinks In section 4, we prove Theorem C. We start with a family of maps (f a ) a described in section 2, which has a parablender. We deform these dynamics to a family of maps (g a ) a so that (Γ a ) a (involved in the fundamental property of the parablender) is a segment of the stable manifold of a (strongly) dissipative hyperbolic fixed point Ω a , and also both Ω a and the blender K a are included in a transitive hyperbolic set. Then by the fundamental property of the parablender, there exists a neighborhood V a which does not depend on (g a ) a in an open set of C d -families of C r -maps, so that for every a 0 ∈ V a , the hyperbolic fixed point (Ω a ) a has a homoclinic C d -paratangency. Hence for every α > 0 small enough, Proposition 3.10 gives the existence for every a 0 ∈ V a , of a perturbation (g a ) a of (g a ) a , such that for every a which is α-distant to a 0 , the map g a has a new periodic sink. The main difficulties of this part is to verify the technical bound hypothesis of Proposition 3.10 in order that α does not depend on a.
Furthermore Proposition 3.10 states that (g a ) a can be chosen equal to g a whenever a is 2α-distant to a 0 . Hence we can apply this proposition for a 0 in the lattice 4αZ k ∩ V a . By hyperbolic continuation, the new sinks created for a in the α-neighborhood of this lattice persists for an open set of local diffeomorphisms families. Hence we are able to apply this inductively for α = 1/n, with n large. Moreover by taking 2 k -copies of this dynamics, and we can apply this argument at a special translation of the lattice 4αZ k for each copy, so that the union of the α-neighborhoods of these lattices contains V a . This will prove Theorem C. In section 5, we prove Theorem B. In order to do so, we lift the previous construction to make the dynamics invertible, by basically using Smale solenoid construction. The construction will produce a partially hyperbolic map with a strong stable direction, and the holonomy along the strong stable manifolds will define a semi-conjugacy with a surface local diffeomorphism as in the proof of Theorem C.
Paratangencies, classical results of hyperbolic dynamics and notations
Notation for the involved topologies In this work we will only work with regularity given by the integers r > d ≥ 0. Given n, m ≥ 1, the topology on C r (R n , R m ) is given by the norm:
A map g ∈ C r (R n , R m ) is bounded if its norm is finite. The space of bounded C r -maps endowed with this norm is complete. We define similarly the topology on C r ((−1, 1) n , R m ). The space C d ((−1, 1) k , C r (R n , R m )) is formed by the families (g a ) a of maps g a ∈ C r (R n , R m ) so that the derivatives ∂ j a ∂ i z g a (z) are well defined for every i ≤ r and j ≤ d and depend continuously on (a, z) ∈ (−1, 1) k × R n . The topology on C d ((−1, 1) k , C r (R n , R m )) is given by the norm:
A family (g a ) a is bounded if its norm is finite. The space of bounded C d ((−1, 1) k , C r (R n , R m ))-maps endowed with this norm is complete. We define similarly the topology on
Notation : For the sake of simplicity, we will write that (g a ) a is of class C d,r to say that (g a ) a is a C d -family of C r -functions.
The distance between two submanifolds which are the graphs of functions in C r (R n , R m ) (resp.
is the distance between these functions given by the norm defined above.
Paratangency The following definition is useful to define the concept of homoclinic paratangency, which will be crucial in the proof of the main theorem.
, and let (Γ a ) a∈(−1,1) k and (W a ) a∈(−1,1) k be two C d -families of immersed C r -curves in R 2 . We say that they are C d -paratangent at the parameter a = 0 and the points P ∈ Γ 0 ∩ W 0 , if the following property holds. If r = 1 and so d = 0, this means that Γ 0 and W 0 are tangent at P . If r ≥ 2, this means that there exists a
The curve Γ 0 and W 0 are tangent at P , and the tangency is quadratic (i.e. the curvatures of W 0 and Γ 0 at P are different), 
a , which satisfies (i) and (ii) for the families (Ψ a (W a )) a and (Ψ a (Γ a )) a .
The existence of a family (φ a ) a of class C d might sound difficult to implement. It is actually rather easy as shown by the following fact. Fact 1.3. Let ∞ ≥ r ≥ d ≥ 1 with r ≥ 2, and let (Γ a ) a∈(−1,1) k and (W a ) a∈(−1,1) k be two C dfamilies of immersed C r -curves in R 2 . By coordinate change, we assume that P = 0 and that a neighborhood of P in Γ a is a segment of R × {0}.
Suppose that there exists P ∈ Γ 0 ∩ W 0 at which Γ 0 and W 0 are tangent but with curvatures different. Then there exists a unique function a → τ (a) defined on a neighborhood of 0 so that:
(i) τ is of the form τ (a) = (0, η(a)) for every small a,
(iii) the tangency point is a C min(d,r−1) -function of a and is uniquely defined at the neighborhood of P .
Moreover τ is of class
Proof of Fact 1.3. Since the tangency is quadratic, for a small, the intersection of a neighborhood of P with Γ a is a graph of a C r -function γ a , which satisfies γ 0 (P ) = 0, ∂ x γ 0 (P ) = 0 and ∂ 2 x γ 0 (P ) = 0. To prove the first part of the claim, it suffices to show that with c a the critical point of γ a near P , the map η : a → γ a (c a ) is of class C d . To prove such a regularity, we solve the following equation implicitly:
Ψ(x, a) = 0, with Ψ :
The implicit function theorem implies that a → c a is of class C min(d,r−1) , and so at least of class C 1 . Hence we can look at the following derivative:
As c a is the critical point of γ a , the smoothness of ∂ a (γ a (c a )) is the same as the one of (∂ a γ a )(c a ) which is
at a = 0 and P , via a map (φ a ) a by satisfying (i) and (ii). Hence for every a small, there exists Q a ∈ Γ a which is sent by φ −1 a into R × {0}. We notice that Q a has its y-coordinate of modulus at least τ (a) . Together with the C d -paratangency condition, this gives τ (a) ≤ φ a C r ≤ o( a d ), and so τ (a) satisfies ∂ i a τ (a) = 0 for every 0 ≤ i ≤ d.
Hyperbolic dynamics preliminaries
When f is a diffeomorphism, the invariant compact set K ⊂ M is hyperbolic if there exists a Df -invariant splitting T M |K = E s ⊕ E u so that E s is contracted by Df and E u is expanded by Df :
When f is a local diffeomorphism, we shall consider the inverse limit ← − K f of K:
It is a compact space for the topology induced by the product ones of K Z . The dynamics induced by f on
The map Df acts canonically on π * T M as the map ← − f on the basis and as the linear map
Actually the definition of hyperbolicity for local diffeomorphisms is consistent with the definition of hyperbolicity for diffeomorphisms when the dynamics is invertible. Here is a useful structural stability result:
Then for every f C 1 -close to f , there exists a continuous map i f :
← − K f → M which is C 0 -close to π and so that:
This Theorem will be reproved for Proposition 1.6. For every k ∈ ← − K we define the unstable manifold by:
As f is a local diffeomorphism, the set ← − W u (k; f ) has a canonical structure of manifold which is immersed by π, see [BR13] . For every η > 0, let
It is well known that for k, k ∈ ← − K such that π(k) = π(k ), the local unstable manifolds W u η (k; f ) and W u η (k ; f ) are not necessarily equal. Nevertheless, when p ∈ K is a fixed point, we denote by
For every k ∈ K we define the stable manifold by:
As f is a local diffeomorphism, the set W s (k; f ) has a canonical structure of manifold which is in-
Whenever it will be convenient, for every k ∈ ← − K , we will denote W s (k; f ) := W s (π(k); f ). To explain the concept of homoclinic paratangency, the following result will be useful.
respectively. Then there exists η > 0, and a C d -family of C rcharts (φ a ) a of η-neighborhoods of (Ω a ) a so that:
We will prove this proposition in appendix A. Let K be a hyperbolic set for a C r -local diffeomorphism f , with M a compact manifold. Let (f a ) a be a continuous family containing f a , small enough so that for every a, the map i fa ∈ C 0 ( ← − K , M ), given by Theorem 1.4 is well defined. For k ∈ ← − K and a, we put k a := i fa (k).
Then there exists η > 0, and for every
Moreover the families (φ a (k)) a depend continuously on k ∈ ← − K f 0 .
We will prove this proposition in appendix A.
-family of manifolds of the same dimension as W u loc (k; f a ) and so that (Γ a ) a intersects transversally (W s loc (k; f a )) a at a C d -curves of points (z a ) a . Then for every > 0, for every n large, the -neighborhood of f n a (z a ) in f n (Γ a ) is a submanifold Γ n a which is C r -close to
Proof. We recall that for local diffeomorphisms, the unstable manifolds may overlap. Hence we can extend f a to a larger open set U ⊃ U containing a hyperbolic point H a so that Γ a is a slice of an unstable manifold W u (H a ; f a ) and so that the preimages (z i a ) i≤−1 of z a along W u (H a ; f a ) are away of W u loc (K fa ; f a ). Then we consider the compact setK fa := K fa ∪ {z i a : n < 0} ∪ {f n a (z a ) : n ≥ 0}. We notice that K fa is a hyperbolic compact set. Also Γ n a = W s (z n a ; f a ). Thus the Lemma follows from Proposition 1.6.
A hyperbolic fixed point Ω has a homoclinic tangency if its unstable manifold W s (Ω) and W u (Ω) are tangent at a certain point Q. When r ≥ 2, the tangency is quadratic if they are tangent
. It is well known that given a dissipative homoclinic tangency, a perturbation of the dynamics produces a new periodic sink (see Prop. 3.2). As Theorem C deals with parameter families, we shall regard the families formed by local stable and unstable manifolds of a hyperbolic fixed point. Instead of looking for a mere homoclinic tangency at a certain parameter, we will look for a homoclinic paratangency. For they imply the existence of a perturbation of the family having a new periodic sink which persists for a large open parameter set (see Prop. 3.3).
Let ∞ ≥ r > d ≥ 0 or r = d ≥ 2, let M be a surface and let (Ω a ) a be a continuous family hyperbolic fixed points for a C d -family (f a ) a of C r -local diffeomorphisms. By Proposition 1.5, there exists η > 0 so that the families (W s η (Ω a ; f a )) a and (W u η (Ω a ; f a )) a are of class C d,r . By looking at their images by iterates of the dynamics, it comes that (W s (Ω a ; f a )) a and (W u (Ω a ; f a )) a are of class C d,r .
Definition 1.8 (Homoclinic paratangency). The family of hyperbolic points
In particular, if r ≥ 2, there is a quadratic homoclinic tangency at a = 0 and Q 0 .
The concept of homoclinic paratangency is never generic for d ≥ 1, since in contradiction with the notion of non-degenerate unfolding which is generic. Let us compare the two definitions.
Let r > d ≥ 1 or r ≥ d ≥ 2, let M be a surface and let (Ω a ) a be a continuous family of hyperbolic fixed points for a C d -family (f a ) a of C r -local diffeomorphisms. By Proposition 1.5, seen via a C d,r -family of C r -charts on D := (−η, η) 2 , we can assume that for every a:
The point Ω 0 has a quadratic homoclinic tangency if an iterate f N 0 sends a point P 0 = (p 0 , 0) ∈ D to a point Q 0 = (0, q 0 ) ∈ D, and for every a small, and there exists a neighborhood D P of P in D sent by f N 0 into D, so that f N 0 |D P has the following form:
where (A 0 , B 0 ) is of class C r and satisfies
We can keep the same form for f a |D P with a C d,r -family (A a , B a ) a :
When a varies, by (T ) and Fact 1.3, there exists a unique critical point c a of x → A a (x, 0) nearby 0, for every small a. In particular, it holds c 0 = 0. Moreover, the function a → c a is of class C min(d,r−1) , and the map C : a → A a (c a , 0) is of class C r . Hence it holds:
The family of hyperbolic points (Ω a ) a has a homoclinic C d -paratangency at a = 0 (and P ) if it satisfies (T ) − (T ) and:
The concept of homoclinic C d -paratangency is dramatically different to the one of non-degenerate homoclinic unfolding: the non-degeneracy asks ∂ a C(0) = 0 instead of (P).
Parablenders 2.1 Blenders
Blenders were first built in [BD96] to construct C 1 -robustly transitive diffeomorphism of 3-manifolds which are homotopic to the identity.
A blender is a hyperbolic set with a strong stable direction. Projecting along the strong stable direction, we obtain a hyperbolic set for a surface local diffeomorphism that we shall called Blenders as well.
Let us give a paradigmatic example of a local diffeomorphism with a blender. Let:
It is actually the union of local stable manifolds W u loc (k; f ) which are of the form [−1, 1] × {y(k)}, with
By embedding [−1, 1] canonically into the circle S 1 := R/6Z, the map f can be extended to a 4 − 1-C ∞ -covering of the annulus S 1 × R as follows:
Here is a fundamental property 1 of this blender:
This proposition will be generalized (and proved) below, as the fundamental property of parablender 2.4.
Given such a blender, it is easy to construct a Baire generic set of local-diffeomorphisms with infinitely many sinks. For this end, it suffices to suppose the existence of a dissipative hyperbolic fixed point Ω so that a segment of its stable manifold is in V Γ and so that its unstable manifold accumulates densely in the ones of K. Then by the fundamental property of blenders, for every map g C r -close to f , with r ≥ 1, the stable manifold of Ω is tangent to a local unstable manifold of K which is itself close to a segment of W u (Ω; g). Thus one can find a small perturbation g of g with a homoclinic tangency. Then by using Proposition 3.2, one can create a new sink for a perturbation g of g . Repeating this process inductively, one constructs a Baire generic set of local diffeomorphisms with infinitely many sinks.
An example of Parablender
Contrarily to blenders, the parablenders can uniquely be defined for families of dynamics (f a ) a , say of class C d . They are parameter family of hyperbolic set designed to produce not only homoclinic tangencies but also homoclinic C d -paratangencies for perturbations of f a at every small parameter a. Indeed we will see in the next section that a C d -paratangency implies the existence of a perturbation of the family having a new periodic sink which persists for a large open set of parameters (see Prop. 3.3). Hence parablender will be crucial for the proof of Theorem C.
A blender satisfies that the tangent spaces of its unstable manifolds contain robustly a point of the tangent space of a parabola. Given a C d -family of curves (γ a ) a , we consider not only the tangent space T γ a of γ a , but also the
In contrast with the 1 The original fundamental property of blenders is (more) equivalent to the following: There exists a neighborhood
2 ) so that every segment of the form {0} × [y1, y2], with −1/2 < y1 < y2 < 1/2, intersects the unstable manifold of the hyperbolic continuation of the fixed point (1, −1).
blender, a C d -parablender satisfies that the parameter d-Jets of the tangent spaces of its unstable manifolds contain robustly a point of the parameter d-Jet of the tangent space of a parabola family.
Definition off and its Markov partition
We are going to construct the parablender similarly. We shall first define the parablender of k-families of local diffeomorphisms, with k = 1. Below we will give the modification for k > 1. Also we now fix the integer d ≥ 0. Let Q : x ∈ S 1 := R/6Z → 4x−3 ∈ S 1 . We recall that Q sends We are going to look at a family (f a ) a∈(−1,1) , with f a close to the following mapf :
We associate to δ ∈ ∆ d the following intervals:
We define:
We notice thatf sends
Each δ ∈ ∆ d is associated to a polynomial:
For every δ ∈ ∆ a ∪ {0}, letỸ δ be a small compact neighborhood of Y δ , so that (Ỹ δ ) δ∈∆a are disjoint.
For every f C r -close tof , for a ∈ (−1, 1) and small ( max δ d(Ỹ c δ , Y δ )), we define:
Hence, for f =f , on Y δ :
As the compact sets (Ỹ δ ) δ∈∆ d are disjoint, we can extend the map δ∈∆a Y δ → P δ to a C r -map of S 1 × R. Therefore: Fact 2.2. For every f C r -close tof , for every small, the map f a can be extended to a 4 d+1 -C ∞ -covering of the annulus S 1 × R. Also the family (f a ) a is C ∞,r . Definition 2.3 (C d -Parablender for (f a ) a ). For every f C r -close tof and small, let
We notice that the compact set
by the zero-coordinate projection. Any sequence δ := (δ i ) i ∈ ∆ Z d defines local stable and unstable manifolds:
, and the derivatives (∂ i a y(δ, a)) 1≤i≤d are small for small. Actually we can give the explicit expression of y(δ, a):
For any perturbation f a of f a , the hyperbolic set
, and its unstable manifolds as well. We denote by (W u loc (δ, f a )) δ the unstable manifolds of f a obtained by hyperbolic continuation.
The set of its unstable manifolds satisfies the following: 
, such that for every > 0 small, there exists a neighborhood U of {(f a ) a : f ∈ U 0 } in the C d,r -topology satisfying the following property:
For every (f a ) a ∈ U , every (γ a ) a ∈ V γ and every a 0 ∈ V a , there exists δ ∈ ∆ Z − d such that W u loc (δ; f a 0 ) is tangent to Graph γ a 0 and the families (W u loc (δ; f a )) a and (Graph γ a ) a are C dparatangent at a 0 .
Remark 2.5. By Proposition 1.6, the family (W u loc (δ; f a )) a is of class C d,r , so the C d -paratangency makes sens in this fundamental property.
This fundamental property is shown in §2.3 below.
Parablender for the case k > 1. Let r > d ≥ 0 and k ≥ 1. Let d be the dimension of the space {P ∈ P [X 1 , . . . , X k ] : deg P ≤ d, P (0) = 0}, and let (Q i ) d i=1 be its canonical base. Hence each Q i is of the form X
For the case k > 1, we shall consider instead:
And for a map f C r -close tof , a = (a 1 , . . . , a k ) ∈ (−1, 1) k , we define for every δ ∈ ∆ d :
Likewise it is easy to extend f a from ∪ δ∈∆ d Ỹ δ to S 1 × R as a C r -map, so that (f , a ) a is of class
Definition 2.6 (C d -Parablender for (f a ) a ). For every f C r -close tof and small, let
by the zero-coordinate projection. Likewise, any sequence δ := (δ i ) i ∈ ∆ Z d defines local stable and unstable manifolds:
The set of its unstable manifolds satisfies the following:
Fundamental property of the parablenders 2.7. For every ∞ ≥ r > d ≥ 0 or ∞ > r = d ≥ 2, there exist α > 0, a neighborhood U 0 off and a neighborhood V γ of the constant family a 
Definition 2.9 (C r -Parabola). For r ≥ 1, a C r -parabola is the graph of a function γ ∈ C r (I, R) over a segment I of R so that:
• At the end point of I the value of γ is ≥ 3/2:
• the minimum of γ satisfies:
|
Remark 2.11. On the other hand, for d ≥ 1 and r = 1, the function min γ is not always of class C 1 : indeed, one can construct a family (γ a ) a with two local minima having the same value at a = 0, one of which is increasing with a, the other being decreasing. The function min γ is then not differentiable at a = 0. This is why we suppose d < r in the fundamental property of parablender. We are going to define by decreasing induction on n ≤ 0, a symbol δ −n−1 ∈ ∆ d and a C d,r -family of parabolas (γ n a ) a defined for t in an interval of [−1, 1] and a close to 0, so that:
• the graph of γ n a is a C r -parabola,
• the function a → min γ n (a) ∈ R defined in 2.8 satisfies:
• Graph γ n+1 a =f a (Y δ ∩ Graph γ n a ).
After proving the induction, we will see that with δ := (δ i ) i (with any δ i ∈ ∆ d , for i ≥ 0) satisfies that W u loc (δ;f a ) and (Graph γ a ) a are C d -paratangent at a = 0. For the step n = 0, it suffices to take V γ small enough so that every γ 0 a := γ ∈ V γ has a graph which is a C r -parabola and satisfies ( †). Let δ −1 (i) be the sign of ∂ i a min γ 0 (0) for every i ≤ d and let
be the preimage of γ 0 a byf a |Ỹ δ −1 . The function min γ −1 (a), equal to the smallest y-coordinate of γ −1 a , has its d-first derivatives which can be given explicitly:
We notice that | min γ 0 (0) − δ −1 (0)/3| < 1/3 and |∂ i a min γ 0 (0) − δ 0 (j)
Furthermore, it is easy to see that the values of γ −1 at its end points of its definition domain is greater than min(3/2(γ 0 |{−1, 1}), 3/2). As γ 0 |{−1, 1} is close to 3/2, the values of γ −1 at its end points of its definition domain is 3/2.
When r ≥ 2, it is also easy to see that ∂ 2 t γ −1 is greater than ∂ 2 t γ 0 ≥ 1. Thus Graph γ −1 is indeed a parabola.
Let n ≤ −1, and suppose γ n a constructed for a small so that γ n has a graph which is a parabola and satisfies ( †). Let δ n (i) ∈ {−1, 1} be the sign of ∂ i a min γ n (a) for every i ≤ d and put
be the preimage of γ n a byf a |Ỹ mn . As above, we show that min γ n−1 satisfies ( †) and its graph is a parabola. This finishes the proof of the induction hypothesis.
Let us show that the local unstable manifold W u loc (δ;f 0 ) is tangent to γ 0 , and that (W u loc (δ;f a )) a is C d -paratangent to (γ a ) a at a = 0.
For this end it suffices to remark that for every small a:
and that:
We see that min γ(0) converges to y δ,0 . Thus there exists a tangency and so a C 0 -paratangency. This solves the case d = 0 and so r = 1.
When r ≥ 2, we put τ (a) := (0, −η(a)) with
We remark that W u loc (δ;f a ) + τ (a) is tangent to Graph γ a for a small. Also the map η is a function of class C d of a. By ( †), the d-first derivatives of (2/3) N min γ −N (a) at a = 0 are small when N is large. Furthermore, the d-first derivatives of ∞ n=N +1 (2/3) n (δ −n (0)/3 + P δ −n (a)) are small as well. Consequently, the d-first derivatives of η at a = 0 are small when N is large and so equal to 0. This proves the C d -paratangency.
Proof of the proposition in its whole generality
Let ∞ ≥ r > d ≥ 0 or ∞ > r = d ≥ 2
. Let us show the existence of:
• a C r -neighborhood U 0 off ,
• a neighborhood V γ of (t → 2t 2 ) a , so that for every (f a ) a ∈ U , (γ a ) a ∈ V γ and a 0 ∈ V a , there exists δ ∈ ∆ Z d satisfying that W u loc (δ; f 0 ) is tangent to Graph γ 0 and the family (W u loc (δ; f a )) a is C d -paratangent to (Graph γ a ) a at a = 0.
Generalization to the case a 0 = 0 We notice that for every C d,r -families (f a ) a and (γ a ) a , for a 0 small, the family (f a 0 +a ) a and (γ a+a 0 ) a are C d,r -close to (f a ) a . Thus, by shrinking V γ and U , the above statement implies the existence of:
• a neighborhood V γ of (t → 2t 2 ) a , so that for every (f a ) a ∈ U , (γ a ) a ∈ V γ and a 0 ∈ V a , there exists δ ∈ ∆ Z d satisfying that W u loc (δ; f a 0 ) is tangent to Graph γ a 0 and the family (W u loc (δ; f a )) a is C d -paratangent to (Graph γ a ) a at a = a 0 . Consequently we can study prove the case a 0 = 0. Let H be the 2 -neighborhood of (id R 2 ) a in C d ((−1, 1) k , Dif f r (R 2 )). In what follows is supposed small.
Let us now define V γ , U 0 and U .
Definition of V γ . Let V γ be a small C d,r -neighborhood of (t → 2t 2 ) a so that for all (γ a ) a∈(−1,1) ∈ V γ , for every a 0 ∈ (−1, 1), the Graph γ a 0 is a C r -parabola and it holds:
We notice that for every h = (h a ) a ∈ H , with h * γ n a the function whose graph is equal to the image by h a of Graph γ n a , the family (h * γ n a ) a satisfies:
Definition of U 0 and U for > 0 small enough. (a) In section 2.3.2, we saw that for every a, the local unstable manifold W u loc (δ;f a ) is of the form [−1, 1] × {y(a)}. Hence, by Proposition 1.6, for U 0 and then U small enough, for every (f a ) a ∈ U for every δ ∈ ∆ Z d , there exists (h a ) a ∈ H so that h a (W u loc (δ; f a )) is of the form [−1, 1] × {y(a)} for every a. Furthermore, for every f a = f a •h −1 a with (f a ) a ∈ U and (h a ) a ∈ H , we ask that for every vector v = (v x , v y ) such that |v x | ≤ |v y |, for every δ ∈ ∆ d , for very z ∈Ỹ δ , the vector v = (v a , v y ) := (D z f a ) −1 (v) satisfies (C) |v x | ≤ |v y | and |v y | ≥ (4/3)|v y |.
(b) We recall thatỸ δ is a small neighborhood of Y δ for every δ ∈ ∆ d . Let us suppose thatỸ δ is of the formỸ δ =Ĩ δ × (−3/2 − µ, 3/2 + µ), withĨ δ the µ-neighborhood of I δ , for µ small. We can suppose µ small enough so that for every δ ∈ ∆ d , the image ofỸ δ byf contains Then for U 0 small enough, for every f ∈ U 0 , the image ofỸ δ by f contains [−1 − 3µ, 1 + 3µ] × [−2/3 − µ/2, 2/3 + µ/2]. For small enough and the neighborhood U of {(f a ) a : f ∈ U 0 } small enough, for every (f a ) a ∈ U , every a ∈ (−1, 1), the image ofỸ δ by f a contains [−1 − 2µ, 1 + 2µ] × [−2/3, 2/3]. This condition will be important to prove in (c) that a parabola which is the graph of a function γ on a segment I ⊂ [−1 − µ, 1 + µ], has its preimage by f a |Ỹ δ which is a parabola which is the graph of a function γ on a segment
(c) Let us ask for a third condition on U 0 and U .
Let us consider any C d -family (γ a ) a of C r -function γ a on a segment I a ⊂ [−1 − µ, 1 + µ], defined for a small, so that:
and such that if r ≥ 2, then ∂ 2 t γ ≥ 1. In particular, Graph γ a is a parabola. Let δ = (δ(i)) i ∈ ∆ d be so that δ(i) is of the sign of ∂ i a min γ(0). Then
As in the restricted case of section 2.3.2, for a close to 0, the curvef −1 a |Ỹ δ (Graph γ a ) is also the graph of a parabola γ −1 a over a segment J a of [−1 − µ, 1 + µ], which satisfies:
By (b), we can chose U 0 and then U small enough so that for every such a family of parabolas (γ a ) a , for every (f a ) a ∈ U , the curve f −1 a |Ỹ δ (Graph γ a ) is also the graph of a parabola γ −1 a over a segment J a of [−1 − µ, 1 + µ], and such that it satisfies for a small:
Moreover, we can suppose that the latter property ( ) holds as well for every (f a ) a of the form
a , where f a ∈ U and (h a ) a ∈ H .
Induction hypothesis Let (γ a ) a ∈ V γ , (f a ) a ∈ U , and a ∈ V a . As in the above restricted case, we define by decreasing induction on n ≤ 0, a symbol δ n ∈ ∆ d and a C d -family of parabolas (γ n a ) a defined for t on a segment I n a of [−1 − µ, 1 + µ] for a small, so that:
(i) For every (h a ) a ∈ H , the curve h a (Graph γ n a ) is a C r -parabola.
(ii) For every h = (h a ) a ∈ H , with h * γ n a the function whose graph is equal to the image by h a of Graph γ n a , the family (h * γ n a ) a satisfies:
= f a Y m −n ∩ Graph γ n a and γ 0 a = γ a for every a small.
Let us begin with the step n = 0. By definition of V γ , the function γ 0 a = γ a satisfies induction hypothesis (o), (i) and (ii) ((iii) does not make sens at this step).
Let n ≤ 0 and suppose (γ n a ) a constructed and satisfying (i). Let δ n−1 (i) be the sign of ∂ i a min γ n (0) for every i ≤ d and let
be the preimage of γ n a by f a |Ỹ m −1 . By definition of U and (c), the curve γ n−1 a is a parabola, and the family (γ n−1 a ) a satisfies induction hypothesis (ii). This finishes the proof of the induction.
Proof of the C d -paratangency Chose any δ i ∈ ∆ d for i ≥ 0, and put δ = (δ i ) i . Let us show that the local unstable manifold defined by
By Remark 1.2, the concept of paratangency is invariant by such a coordinates change. Hence it suffices to prove that (h 0
We observe that there exists τ 0 = (0, η 0 ) such that h 0 0 W u loc (δ; f 0 ) + τ 0 is tangent to h 0 0 (Graph γ 0 ). The tangency is quadratic if r ≥ 2.
By Fact 1.3, there exists a unique function a → η(a) so that η(0) = η 0 and for every a small, with τ (a) = (0, η(a)), the curve h 0 a W u loc (δ; f a )+τ (a) is tangent to h 0 a (Graph γ a ). Let Q a = (q a , h 0 * a γ a (q a )) be the tangency point.
For every a small, let C a be the vertical curve {(q a , h 0 * a γ a (q a ) − t) : t ∈ [0, η(a)]}. The curve C a has length |η a |. We notice that there exists N a ∈ N large when a is small such that
It is a connected curve. By (a) inequality (C), the tangent space of C n a has non zero vertical component at every point. In other words, with p y : R 2 → R the second coordinate projection, at every z ∈ C n a , we have p y (T z C n a ) = 0. Moreover, the length of p y (C n a ) is at least (4/3) n times the length of C a :
On the other hand, |p y (C n a )| is smaller than 4/3 by (ii), inequality ( † ). Thus for a = 0, we have |η(0)| ≤ (3/4) n 4/3. Taking n → ∞, it comes η(0) = η 0 = 0. In particular, W u loc (δ; f 0 ) is tangent to Graph γ 0 .
By induction on 0 ≤ i ≤ d − 1, let us assume that ∂ j a η(0) = 0 for every j ≤ i. This means that there is a C i -paratangency between (h 0 a W u (δ; f a )) a and (h 0 a Graph γ a ) a . Hence, by invariance of the C i -paratangency by coordinates change, for every n ≥ 0, there exists a C i -paratangency between (h n a W u (σ −n (δ); f a )) a and (h −n a Graph γ −n a ) a . Then, for every a small, by ( † ), it holds:
Hence by assumption (c), inequality ( ), it holds
Taking n large, it comes that |η(a)| = o(|a| i+1 ) and so ∂ i+1 a η(0) = 0. This finishes the induction and proves the C d -paratangency property.
Creation of sinks near a homoclinic paratangency
Sinks The following result is well known:
Proposition 3.1 (Newhouse [New74] ). Let f be a local C ∞ -diffeomorphism of R 2 . Suppose there exists a hyperbolic fixed point Ω which has a quadratic homoclinic tangency at Q. If |det Df (Ω)| < 1 then there exists f arbitrarily C r -close to f and M arbitrarily large such that f has a periodic sink close to Q of period M .
Remark 3.2. When (f a ) a is a (smooth) non-degenerate homoclinic unfolding at a = 0, such a sink exists for a parameter interval of length ∼ σ −2M a which is ∼ σ −M a close to 0, with σ a the unstable eigenvalue of Ω a (see [PT93] ).
The concept of homoclinic C d -paratangency enables to produce perturbations for which the periodic sink persists for a parameter interval independent to the size of the perturbation.
In this section we deal with
Suppose there exists a persistent hyperbolic periodic point (Ω a ) a which has a homoclinic C d -paratangency at the parameter a = 0 and at a point Q. Suppose that |det Df (Ω)| < 1 and, with |λ a | < 1 < |σ a | the eigenvalues of Df a (Ω a ), it holds:
Then for every µ > 0, there exists α 0 > 0, such that for every α < α 0 , for every M large, there exists (f a ) a so that:
• f a = f a for every a / ∈ (−2α, 2α) k ,
• (f a ) a has a periodic sink of period M , close to Q, for every a ∈ (−α, α) k .
To prove this proposition, first we will show the following Lemma:
Suppose there exists a persistent hyperbolic periodic point (Ω a ) a which has a homoclinic C d -paratangency at the parameter a = 0 and the point Q. For every ν > 0, there exists α 0 > 0, such that for every α < α 0 , there exists (f a ) a so that:
• (f a ) a has a homoclinic tangency for every a ∈ (−α, α) k .
When d = 0, both Lemma 3.4 and Proposition 3.3 are easy. First we notice that we can perturb (f a ) a to a C ∞,∞ -family (f a ) a in the C 0,r -topology. By genericity, we can assume that a nondegenerate quadratic homoclinic tangency holds for (f a ) a at a = 0. Let r α be the odd function equal to 0 on [−α, α], to 2x − 2α on [α, 2α] and to the identity on [2α, ∞).
Such a function is C 0 -close to the identity when α is small. We notice that (f ρα(a) ) a satisfies Lemma 3.4. Furthermore, by Remark 3.2, for M large, there exists a M ∈ R k close to 0 such that f a M has a sink of period M . Then the family (f a M +ρα(a) ) a satisfies Proposition 3.3.
We can now suppose r > d ≥ 1 or r = d ≥ 2. Before proving the lemma, let us set up some data to study on what depends α 0 (the so-called technical bounds mentioned in the plan of the proof).
By Proposition 1.5, in the coordinates given by a C d -family of C r -charts (φ a ) a from a neighborhood of Ω a onto D := (−η, η) 2 , we have for every a:
By definition of quadratic tangency, there exists a point P 0 = (p 0 , 0) ∈ D sent by an iterate f N 0 to a point Q 0 = (0, q 0 ) ∈ D, and for every a small, there exists a neighborhood D P of P in D sent by f N 0 into D, there exist (A a ), (B a ) a of class C d,r , so that f N a |D P has the following form:
where (A 0 , B 0 ) is of class C r , and satisfies at a = 0: 
For every j ∈ {0, . . . , N }, let P j a := f j a (P 0 ). Let θ > 0 be so that P N −1 a is θ-distant to both D and (P j a ) 0≤j≤N −2 . Let (Ψ a ) a be a C d,r -family of charts, so that each Ψ a sends a θ-neighborhood of P N −1 a onto the unit ball of R 2 so that P N −1 a is mapped to 0 and a local unstable manifold of P N −1 a is mapped onto (−1, 1) × {0}. We remark that we have the form: 
Claim 3.6. An upper bound of the value of α 0 in Lemma 3.4 and Proposition 3.3 depends only on µ and (θ, U, ν), and not on N .
We remark that this claim holds true in the case d = 0. Now we study the remaining case 
For α > 0 and a ∈ R k , we consider the perturbation f a of f a equal to f a outside of B(P N −1 a , θ) or a / ∈ (−2α, 2α) k , and otherise whose restriction to B(P N −1 a , θ) is:
It is easy to see that (f a ) a has a homoclinic tangency for every a ∈ (−α, α) k . Furthermore (f a ) a is a C d -family of C r -local diffeomorphisms. Let us show that the family (f a ) a is close to (f a ) a for the C d,r -topology. For this end, it suffices to show that the function ρ α := a → φ( a /2α)C (a) is of C d -norm small when α is small. Indeed, for all a ∈ (−2α, 2α) k , ∀i ≤ d, it holds:
Proof of Proposition 3.3. Since the case d = 0 is already done, we assume r > d > 0 or r = d ≥ 2.
To prove this Proposition, we continue with the notations of the above Lemma. We can suppose that for the charts defined above, we have the form:
with (A a ) a and (B a ) a of class C d,r satisfying (T ) at a = 0, and existence of a → c a of class C min(r−1,d) , with c 0 = 0, and
We notice that if r > d, the map a → c a is of class C d . Nevertheless, when r = d ≥ 2, the map a → c a is of class C d−1 . This causes an extra difficulty in the proof. Hence, we assume now that r > d, and so that a → c a is of class C d , and at the end of the proof, we give a trick to go back to this case.
Let us now do a special perturbation, for which it will appear a sink. For this end, we are going to define a family of curves.
By [Berb, Prop. 2 .10] and (D d ), for η > 0 small enough, there exists a line field (a, z)
For every a, let W n a be the curve of D which is tangent to e a and contains (p n a , 0). Let w n a ∈ C d ((η, η), R) be such that:
Also we notice thatŴ n := a {a} × W n a is of class C d : it is given by integrating in R 3 the C d -vector field (a, z) → (0, e a (z)) along the graph of the C d -function a → p n a . Hence the map (a, y) → w n a (y) is of class C d . As e a |{0} × (−η, η) = {0} × R and (p n a ) a is C d -close to 0, the map (a, y) → w n a (y) is C d -small for n large. Consequently, the function a → w i a • B a (c a , 0) is of class C d , with norm small for i large. For n large, we consider the perturbation (f a ) a of (f a ) a with f a equal to f a outside of B(P N −1 a , θ) or a / ∈ (−2α, 2α) k , and whose restriction to B(P N −1 a , θ) is:
with φ and ρ defined in the proof of Lemma 3.4. Likewise (f a ) a is of class C d,r , and for n large, it is close to (f a ) a (and so to (f a ) a ) for the C d,r -topology. We remark that f a |D = f a |D = f a |D for every a. Now the map (f a ) does not satisfy (T ). But if n is large enough, for every a ∈ (−α, α) k , f a has a sink of period N + n by the following claim proved below:
Claim 3.7. The following map, well defined on a neighborhood D p of P a for every a ∈ [−α, α] k , has a sink :
This finishes the proof of the Proposition in the case r > d ≥ 1. Now let us treat the case r = d ≥ 2. For this end, by density of the C d,r+1 -families in the  C d,r -topology, there exists a C d,r+1 -family (Ā a ) a which is C d,r -close to (A a ) a . The critical point  c a of x → A a (x, 0) persists as a critical pointc a of A a . We observe that a →c a is C d−1 -close  to a → c a . HenceC(a) =Ā a (c a , 0) has its derivative ∂ aĀa (c a , 0) · ∂ a c a which is C d−1 -close to ∂ x C = 0. Consequently, the functionC is C d -close to 0 when (Ā a ) a is close to (A a ) a . Therefore, the family (Ā a ) a defined byĀ a =Ā a −C(a) is of class C d,r+1 , is C d,r -close to (A a ) a and satisfies (P ∞ ) at (c a , 0). Thus we can apply the above argument with the mapf defined by
Note that it is not a problem to patchf to f outside of D P .
Nonetheless, the function a →c a has C d -norm a priori large, the line field as well, and so they define a the function (a, y) → w 0 a (y) of a priori the C d -norm large. This is actually not a problem, since the C d -norm of (a, y) → w n a (y) remains small for n large.
Before proving this Claim, let us generalize this proposition to a more general context which will appear in the proof of Theorem A.
Let r > d ≥ 0 or r = d ≥ 2, let M be a surface and let (Ω a ) a be a curve of hyperbolic fixed points for a C d -family (f a ) a of C r -local diffeomorphisms of M . Let us suppose that there exists a sequence of points P j a ∈ W u (Ω a ; f a ) endowed with local unstable manifold W u loc (P j a ; f a ) so that the family ((W u loc (P j a ; f a )) a ) j converges in the C d,r -topology to a certain (W u loc (P ∞ a ; f a )) j .
Likewise we can define the concept of (θ, U, ν)-quasi-homoclinic C d,r -paratangency. Again, seen via a C d -family of C r -charts (φ a ) a from a neighborhood of Ω a onto D := (−η, η) 2 , we can assume that for every a:
By replacing (P j a ) j and (W u loc (P j a ; f a )) j by their images by an iterate f k a , we can suppose that (f a (W u loc (P ∞ a ; f a ))) a is C d -paratangent to (W s η (Ω a ; f a )) a at a = 0. Let (ψ a ) a be a C d -family of C r -charts so that each ψ a sends a θ-neighborhood of P ∞ a onto the unit ball of R 2 , maps W u loc (P ∞ a ; f a ) onto (−1, 1) × {0} and P ∞ a to 0. We remark that we have the form: For every P j a , let (P k j a ) k≤0 be the preorbit of P j a which defines W u loc (P j a ; f a ):
• P 0 j a = P j a and for k < 0, f a (P k j a ) = P k+1 j a ,
• for k < 0 large, P k j a belongs to W u η (Ω a ; f a ), and W u loc (P j a ; f a ) is the image by
Proposition 3.10. If (Ω a ) a has a (θ, U, ν)-quasi-homoclinic C d -paratangency, and Df a (Ω) satisfies (D d ) and |det Df a (Ω)| < 1, then for every µ > 0, there exists α 0 > 0, depending only on (θ, U, ν), so that for every α < α 0 , for every M large, there exists (f a ) a satisfying:
• f a = f a for every |a| > 2α,
• (f a ) a has a periodic sink of period M , close to P ∞ a , for every a ∈ [−η, η].
Proof. In view of Proposition 3.3, it suffices to perturb (f a ) a to a family (f a ) a which has (θ/2, 2U, 2ν)-C d,r -paratangency. For every large j, the exists a C d,r -family (τ a ) a of diffeomorphisms τ a of R 2 which sends ψ a (W u loc (P j a )) onto ψ a (W u loc (P ∞ a )), and which is C d,r -close to (id R 2 ) a when j is large. Let φ ∈ C ∞ (R, [0, 1]) be a function with support in [−1, 1] and equal to 1 on [−1/2, 1/2]. Put ρ : (a i ) i ∈ R k → i φ(a i ). We define:
otherwise.
We notice that (f a ) a is a family of local diffeomorphisms C d,r -close to (f a ) a when j is large. The map f a is equal to f a on the complement of B(P ∞,a , θ) or a / ∈ (−2α, 2α) k . We remark also that f a has a (θ, 2U, 2ν)-C d,r -paratangency.
Proof of Claim 3.7. This claim just needs to be proved in the case r > d > 0 or r = d ≥ 2. We are going to work in another family of charts in which f a |D has a skew product form. This family of charts is less regular than the previous ones, but it does not matter since we do not need to perturb the dynamics anymore.
Taking η smaller if necessary, the local unstable manifold W u η (Ω; f a ) = (−η, η)×{0} is transverse to e a . A flow box for this line field gives a chart of a neighborhood of Ω, in which L a := f a |D∩f −1 a (D) has the following skew product form: (x, 0), f a (x, y) ).
Put g a (x) := f a (x, 0) and h a x (y) := f a (x, y), with (g a ) a of class C d,r and (a, y) → h a x (y) of class C d . Note also that (a, y) → ∂ y h a x (y) is of class C d . In these notations, for n ≥ 1:
In these coordinates observe that f a has the form:
with for every a ∈ (−α, α) k :
Let κ > 1 be so that for every a, with σ a = κ 2 σ a and λ a = κ 2 λ a , it holds |σ a λ a | < 1. By taking η and κ smaller if necessary, we can assume that for every (x, y) ∈ D:
Let us compute the expression of φ a n := (f a |D) n • f N a |D p :
with z := A a (x, y) + p n a . Let us study the derivatives of the first coordinate of φ a n . Let C be a constant independent of n and (x, y). Using the volume contraction of D Ω f a , we show below the following:
, the Jacobean matrix of D (x,y) φ a n has its entries smaller than those of:
with C a constant independent of n.
We remark that for the norm N (u, v) = |u| + |σ n a v|, the subordinate norm of the latter matrix is at most Cκ −n (1 + Cn|σ a | n |λ a | n ), which is small for n large. Thus for this norm, the differential of φ a n is (very) contracting. As φ a n (p a ) = (p a , h n a z (z)) is λ n a -close to (p, 0), the set B is sent into itself by φ a n . Therefore, there is a sink of period n + N in B.
Proof of Lemma 3.11. We recall that r ≥ 2. It holds:
As ∂ x A a (0) = 0, it comes:
To study the derivative of the second coordinate h n a z (z) of φ a n , we bound the derivatives of h n a x :
We notice that |∂ y (h a x n−1 • · · · • h a x k+1 )| is bounded by (λ a /κ) n−k−1 , whereas h k a x (y) is bounded by (λ a /κ) k . As ∂ x h a x k (0) = 0 and ∂ y ∂ x h a x k are well defined and continuous, we get that
As DB a (x, y) and Dz are bounded, it comes:
4 Proof of main Theorem C: The local diffeomorphism case
We recall that in §2.2, we defined d as the dimension of {P ∈ P [X 1 , . . . , X k ] :
. Also we defined: . For every C r -perturbation of f off , we also defined:
We are going to deformf to create a dissipative homoclinic tangency. We remark that Q(3) = 3 and ρ(3) = 0. Then the mapf fixes the pointΩ = (3, 0). We notice that the eigenvalues ofΩ areσ := 4 d +1 andλ = (2/3) d +1 . Let us deformf so that this hyperbolic fixed point persists as a volume contracting one which satisfies condition (D d ).
For this end, let φ ∈ C ∞ (S 1 , [0, 1]) be a function with support in [−1, 1] and equal to 1 on [−1/2, 1/2]. Now we consider the map:
We notice thatΩ := (3, 0) is a hyperbolic fixed point off , and it satisfies |det DΩf | < 1 and condition (D d ).
We remark that the point (0, 0) is sent byf toΩ. Consequently, we can perform a deformation off to construct a mapg so that for η ∈ (0, 4 −d−2 ) small it holds:
• On the complement of [−2η, 2η] × R, the mapg is equal tof .
• The point (0, 0) is sent byg to the point Q := (3, 1) ∈ W s 1 (Ω;g) = {3} × [−1, 1].
• The preimage of
Remark 4.1. For every x ∈ S 1 , the restrictionf |{x} × R is injective.
We draw the construction at Figure 1 . For any C r -perturbation g ofg and > 0 small, we consider the family (g a ) a so that:
We recall thatg|[−2, −1/4] [1/4, 2] × [−2, 2] is equal tof . Henceg and its perturbation g still satisfy the fundamental property of the parablender 2.7. Thus there exist α > 0, a neighborhood U 0 ofg, and for every > 0 small, there exists a neighborhood U of {(g a ) a : g ∈ U 0 } in the C d,r -topology, so that for every (g a ) a ∈ U , for every a
, with Ω a the fixed point of g a equal to the hyperbolic continuation ofΩ.
We remark that the tangency point, denoted by P ∞ a , has its image by g a which is close to Q = (3, 1).
Fact 4.2. For every (g a ) a ∈ U , for every a ∈ (−α, α) k , the hyperbolic fixed point Ω(g a ) has a quasi-homoclinic C d -paratangency.
Proof. We consider the following preimages of P ∞ a .
We notice that the sequence (P 
by g a is close to (0, 6) × {0}. For every j ≥ 1, we consider the following local unstable manifold:
By Lemma 1.7, this unstable manifold is C d -close to W u loc (δ a ; g a ) when j ≥ 1 is large. Moreover the family (W u loc (P j a ; g a )) a is C d,r -close to (W u loc (δ a ; g a )) a , with
For every j ≥ 1, this manifold is C r -close to be a segment of the form [−1, 1] × {y j } for y j ∈ [−3/2, 3/2]. Consequently there exists a point P j a ∈ W u loc (P j a ; g a ) with the same x-coordinate as P ∞ a . In particular (P j a ) j converges to P ∞ a .
Let θ = 1/4. We notice that for every a ∈ [−α, α] k , the points of the orbit (g i a (P ∞ a )) i≥1 are θ-distant to P ∞ a . With the notation of the proof above, for every j ≥ 1, we define inductively:
and P i j a := (g a |W u 3/4 d +1 (Ω a ; g a )) i+j (P −j j a ) for every i ≤ −j. We notice that (P i j a ) i≤0 is a preobit P j a which satisfies that:
• (P i j a ) i≤−1 is θ-distant to P ∞ a and P j a .
On the other hand, the points of the orbit (g j a (P ∞ a )) j≥1 are θ-distant to P ∞ a . By Proposition 1.6, the family (W u loc (δ; g a )) a depends C d,r -continuously on δ. In particular the modulus of continuity of ∂ d a W u loc (δ; g a ) depends continuously on δ and a. By convergence of ((W u loc (P j a ; g a )) a ) j to (W u loc (δ a ; g a )) a in the C d,r -topology, it comes the following:
Fact 4.3. For every (g a ) a ∈ U , there exist U > 0 and a modulus of continuity ν so that for every a ∈ [−α, α] k , the hyperbolic fixed point Ω(g a ) has a (θ, U, ν)-quasi-homoclinic C d -paratangency.
By Proposition 3.10, it comes:
Fact 4.4. There exist α > 0, a C r -neighborhood U 0 ofg, and for every > 0 small, there exists a neighborhood U of {(g a ) a : g ∈ U 0 } in the C d,r -topology, so that for every (g a ) a ∈ U , for every µ > 0, for every large M and large N , for every a 0 ∈ [−α, α] k , there exists (g a ) a ∈ U which satisfies:
• g a has a periodic sink of period M for every a such that (a − a 0 ) ∈ (−2 −N −1 , 2 −N −1 ) k .
Remark 4.5. All the sinks have their orbits which do not intersect [3.5, 4.5] × R. Now, Fact 4.4 can be applied for each of the 2 k -copies ofg inG with the same constants, but instead of taking the same a 0 to each of the j th -copies, we take
This defines a neighborhoodÛ 0 , and for > 0 small, a neighborhoodÛ of {(G a ) a : G ∈Û 0 }. Now it is easy to show likewise the following induction hypothesis on N ≥ 1.
Induction hypothesis
There exists an open and dense subsetÔ m inÛ , so that for every (G a ) a ∈ O m , there exists increasing sequences (N i ) m≥i≥0 and (M i ) m≥i≥0 so that for every a 0 ∈ [−α, α] k , the map G a has a periodic sink of period M i . The main Theorem is then satisfied withÛ 0 ,Û := ∪ n>1/ Û 1/n andR = ∪ n>1/ ∩ kÔ m 1/n .
Proof of Theorem B: the diffeomorphism case
For this end it suffices to show the following result, with B the unit ball of R n and B B:
, and a family of open dense subsets (V N ) N ≥1 inV satisfying that:
• for every f ∈ V , the constant family (f ) a∈(−1,1) k is in the closure ofV ,
• for every (f a ) a ∈V N , for every a < α, the map f a has N -sinks.
Indeed, for every n-manifold, we can fix two balls B B M and consider the open set W formed by diffeomorphisms whose restrictions to B are in V . This set is open, and non-empty since we can extend by the identity outside of a small neighborhood of cl(B) any diffeomorphisms of V . LetŴ andŴ n be the subsets of C d ((−1, 1) k , Dif f r (M )) formed by families of diffeomorphisms whose restrictions to B are equal to those of the elements inV andV n respectively. These subsets are open, andŴ n is dense inŴ . Note that R := ∩ nŴn is Baire residual inŴ and satisfies Theorems B when M is of dimension n.
Proof of Theorem C '. For the sake of simplicity, we assume here the annulus A equal to (i) For every f ∈ U , the constant family (f ) a is in the closure ofÛ .
(ii) For every (f a ) a ∈Û N for every a ∈ [−α, α] k , the map f a has N -sinks.
(iii) For every f ∈ U ∪ ∪Û {f a : a}, for every θ ∈ S 1 , the map f |{θ} × [−1, 1] is injective. Let J := (−2, 2). Let ρ ∈ C ∞ (A, J n−2 ) and λ > 0 be small. For f ∈ U ∪ {f a : (f a ) ∈Û , a ∈ (−1, 1) k }, we consider the map:f :
The mapf is still a local diffeomorphism. The bundle A × R n−2 → A is left invariant byf . The action induced byf on the base is f .
Lemma 5.1. For every ∞ > r > d ≥ 0 or ∞ > r = d ≥ 2, for every λ small enough, for every f of class C r+1 , for every C r+1 -perturbationg off , there exist a neighborhood A ⊂ A of f (A), a C r -map πg : A × J n−2 → A and a C r -map g ∈ C r (A, A) which is C r -close to f and so that:
Moreover, if (f a ) a ∈Û satisfies that (a, z) → f a (z) is of class C r+d+1 , and (a, z) →g a (z) is C r+d+1 -close to (a, z) →f a (z), then (πg a ) a is of class C r,d and (g a ) a is C r,d -close to (f a ) a .
Proof. Let us show the first statement of this lemma. We will see that the second part is similar.
Letg be as in the above statement. The differential D zg acts canonically on the Grassmannian Gr(n − 2, n) of (n − 2)-planes of R n as a map denoted by [D zg ]. We notice that [D zf ] fixes the point {0, 0} × R n−2 ∈ Gr(n − 2, n). The differential D {0,0}×R n−2 [D zf ] is expanding by a factor at least Λ large when λ is small. We suppose the perturbation small enough so that the same holds for D {0,0}×R n−2 [D zg ].
We notice that the manifold N 0 := A × J n−2 × {(0, 0) × R n−2 } of A × J n−2 × Gr(n − 2, n) is left invariant by the C r -map:F : (z, P ) → (f (z), [D zf ](P )).
We notice that DF |T N 0 = (Df |T (A × J n−2 ), 0). Hence the action of Df on the tangent bundle is dominated by a certain constant K independent of λ. On the other hand the action of Df on the normal bundle is expanded by a factor at least Λ. Hence for λ small enough, the submanifold N 0 is r-normally expanded byF (see definition in [Ber10] ). Forg C r+1 -close tof , we regard the following map.
G : (z, P ) → (g(z), [D zg ](P )).
By Theorem 3.1 of [Ber10] , there exists a manifold Ng which is C r -close to N 0 and left invariant byG. In particular, Ng is the graph of a map E s g ∈ C r (A × J n−2 , Gr(n − 2, n)) which is C r -close to the constant map z → {0, 0} × R n−2 . By invariance, we have:
The field E s g is actually the strong stable direction. It is well known that this direction is integrable (see [Yoc95] ). Let Fg be the foliation integrating E s g . This foliation is C r -close to the one defined by the fibration A × J n−2 → A.
family of local stable and unstable manifolds (W s η (Ω a )) a and (W u η (Ω a )) a are of class C d,r . As one can obtain the proof of the regularity of the stable manifolds from the one of unstable manifolds by inverting the dynamics, we shall show only that the family (W s η (Ω a )) a is of class C d,r . We remark that the following function vanishes at the graph of (Ω a ) a : (a, z) ∈ (−1, 1) k × R n → (f a (z) − z).
As its derivative with respect to z is an isomorphism, by the implicit function Theorem, the family (Ω a ) a is of class C d . Thus by conjugating with a translation, we can suppose that Ω a = Ω := 0 for every a. Let E s a be the stable direction of D Ω f a . We remark that the action of D Ω f a on the Grassmannian of dim E s a -plan of R n is contraction. As a → D Ω f −1 a is of class C d , its fixed point E s a is a C d -function of a. Thus, by a linear coordinates change, we can suppose the stable and unstable directions are independent of a.
To prepare the proof of Proposition 1.6, we proof this proposition in the more geral case where (f a ) a ∈ C d ((−1, 1) k , Dif f r (E)), with E a Banach space, so that there exists an invariant splitting E = E s ⊕ E u left invariant by D Ω f a , with E s λ-contracted by D Ω f a and E u are λ-contracted by D Ω f −1 a , for every a ∈ (−1, 1) k . We now push forward the proof of the stable manifold theorem of Irwin written in [Yoc95] , where more details are given, to get the C d -regularity of the family. Let T s a := D Ω f a |E s and T u a := D Ω f a |E u , and let p s : E → E s and p u : E → E u be the canonical projections. Let f s a := p s •f a and f u a := p u • f a . To any sequence (x n ) n = (x s n , x u n ) n ∈ E N , we associate the following sequences (y s n ) n≥1 and (y u n ) n≥0 : y s n+1 = f s a (x s n , x u n ) y u n = x u n + (T u a ) −1 (x u n+1 − f u a (x s n , x u n )) Observe that (1) f (x n ) = x n+1 ⇔ x s n+1 = y s n+1
x u n+1 = y u n+1
We remark that for every κ ∈ (λ, 1), if η > 0 is sufficiently small, we consider the spaces:
E := {(x n ) n≥0 ∈ E N+ : sup n κ −n |x n | < ∞} We endow E s with the norm | · | induced by the one of E. Let E s η be the η-ball centered at 0 of E s . We equip E s × E u and E = E s × E s × E u with the sup norms max( · E s , · E u ) and max(| · |, · E s , · E u ).
From [Yoc95, §3.2], the following map is well defined at the neighborhood of 0 ∈ E:
Moreover, for every x s ∈ E s η , the map θ a (x s , ·) is contracting [Yoc95, §3.2]. Let φ a (x s ) := ((φ s n (x s )) n≥1 , (φ u n (x) n≥0 ) ∈ E s × E u be its fixed point. Let us regard the map:
By (1), the graph of g a denoted by W s η (Ω a ; f a ), is left invariant by f a . To achieve the proof of the proposition, it suffices to prove that (a, x s ) → g a (x s ) has all its derivatives of the form ∂ i a ∂ j x s g a , for all i ≤ d and j ≤ r, which are well defined and continuous. By using the implicit function theorem, it suffices to prove that the following function is C 1 and that its derivative of the form ∂ i a ∂ j x s 0 are well defined and continuous for all i ≤ d and j ≤ r: Clearly, Φ has these derivatives well defined and continuous if and only if this holds for the map:
It is shown in [Yoc95, §3.3 ] that the derivatives ∂ j E F exists and are continuous for every i ∈ {0, · · · , r}. Moreover, it holds: sends R l × E l into E and has norm ≤ D l,j . From this we conclude easily that (∂ i a ∂ j E F ) exists continuously, is equal to ∆ i,j , and for all i ≤ d and j ≤ r.
